
NOTATION 

A ( N w e ) ”  [l + 3(Nwe) ’ ’  ( N ~ e ) - l ]  
a = average radius of jet, cm. 
di j  = rate of deformation tensor, set.-' 
D = diameter of orifice, cm. 
g = gravitational constant 
H = height of liquid above orifice, cm. 

= viscOsiT dyne/ sq.cm.) (see.”) 
L = unbroken length of the jet, cm. 
L, = unbroken length of Newtonian jet, cm. 
L,, = unbroken length of viscoelastic jet, cm. 
n = viscosity index in Ostwald-de-Waele model, di- 

N R e  = Reynolds number, dimensionless = (Du/Y)  
Nwe = Weber number, dimensionless = (pU2D/cr) 
t = time, sec. 
T b  = breakup time, sec. 
ti ,  

uo 
z = axial direction, cm. 

Greek Letten 
kl = relaxation time, sec. 
p = density, g./cu.cm. 

coefficient in Ostwald-de-Waele model, 

mensionless 

= velocity in z direction, cm./sec. 
= initial axial velocity, cm./sec. 

u surface tension, dyne/cm. 
rij = stress, dynes/sq.cm. 
yo 

Subscripts 
0 
11 
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Tubular Reactor Steady State 
and Stability Characteristics 

C. R. McGOWlN and D. D. PERLMUTTER 
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University of Pennsylvanio, Philadelphia, Pa. 191 04 

I .  Effect of Axial Mixing 
This paper reports results of a numerical study of the 

stability characteristics of the nonadiabatic tubular reactor 
with axial mixing. I t  differs from much of the prior work 
on similar systems by its inclusion of a heat transfer term 
in the modeling equations. Assuming that the tubular re- 
actor with axial mixing (TRAM) has a flat velocity pro- 
file, is not packed, and has no radial concentration and 
temperature gradients, mass and energy conservation state- 
ments are, respectively 
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The commonly used boundary conditions are 

( 3 )  

(4) 
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Implicit in Equations (1) through (4)  is the additional 
assumption that axial dispersion of mass and energy are 
described by Fick’s law. This model appears to be a rea- 
sonable one for many purposes, in spite of the fact that 
it allows disturbances to be instantaneously propagated up- 
stream. I t  probably contributes, however, to the effects 
reported here. 

In  the steady state condition, Equations (1) and ( 2 )  
reduce to 

The earlier emphasis on study of the adiabatic case 
xose  from the fact that Equations (5) and (6)  may be 
uncoupled for U r  = 0 and N p e .  = N P e .  As a consequence 
of this major simplification, techniques that are applicable 
only to systems described by single differential equations 
could be used to perform the steady state and stability 
analysis. Van Heerden (18) and Raymond and Amundson 
(15) used an integral technique to determine the number 
and locations of the steady states. Using Sturm’s oscillation 
theorems, Amundson (1) derived a necessary and sufficient 
condition for local stability that does not require evaluation 
of the dominant eigenvalue of the linearized unsteady state 
equation. Luss and Amundson (8) and Luss (10) used 
topological methods to derive sufficient conditions for the 
uniqueness of the steady state. Other investigators have 
also studied the adiabatic case but used techniques not 
necessarily restricted to that case. Among these are Chiou 
and Cohen ( 4 ) ,  who studied the frequency response of 
the linearized system, and Berger and Lapidus ( 2 ) ,  who 
derived a sufficient condition for local stability using the 
Liapunov functional method. 

The results to be presented in this paper are developed 
by a technique general enough to handle the coupled 
equations. To make the findings more compatible with 
prior work in the field, it is assumed that the axial mass 
and thermal diffusivities are equal, and that the single 
chemical reaction is first order, irreversible, and has Ar- 
rhenius temperature dependence: 

(7) e - y h  1 R ( y , V )  = kll J 

THE METHODS OF ANALYSIS 

The TRAM was systematically investigated by first gen- 
erating steady state operating curves, showing reactant 
concentration at the reactor exit as functions of the feed 
temperature for various combinations of the wall heat 
transfer coefficient and the Peclet numbers. Subsequently, 
boundaries of the regions of instability were located on 
these curves by using Galerkin’s method to determine the 
local stability character of the steady states. 

The detailed computations required numerical solution 
of Equations ( 5 )  and (6) with boundary conditions ( 3 )  
and (4)  for a wide range of values of 7F and y(1). The 
solution of this nonlinear two-point boundary-value prob- 
lem was carried out using the Newton-Raphson procedure 
(11) in conjunction with backward integration from z = 
1 to z = 0. Two different methods, which are described 
by Reilly and Schmitz (16 ) ,  were used to obtain discrete 
points on the steady state operating curves. 

In Method 1 the feed temperature is fixed, and the 
Newton-Raphson method is used to solve for the exit con- 
centration and temperature that yield steady state profiles 
satisfying the boundary conditions at z = 0. In Method 2 
the exit reactant concentration is fixed, and the Newton- 

Raphson method is used to solve for the exit temperature 
that yields a steady state concentration profile that satisfies 
the boundary condition on y at z = 0. When the iterative 
Newton-Raphson computation converges, the boundary 
condition on ?1 at z = 0 is rearranged to solve for the feed 
temperature: 

Method 2 was used to compute steady states located on 
the steeply sloped and positively sloped portions of the 
steady state operating curves, where y( 1) is very sensitive 
to small changes in the feed temperature, while Method 1 
was used to compute the remaining steady states. Method 
2 requires fewer computations than Method 1, since V (  1) 
is the only unknown in Method 2 and both y ( 1) and ?( 1) 
are unknowns in Method 1. Method 1 was used only 
when it was necessary to generate steady state profiles for 
a given value of the feed temperature or when the sensi- 
tivity of y (1) to q p  was low. 

After each steady state operating curve had been gen- 
erated, the local stability character of the steady states 
was determined, using Galerkin’s method to estimate the 
dominant eigenvalue of the linearized equations: 

A A A  

The application of Galerkin’s method reduces Equa- 
tions (9) and (10) to an approximately equivalent set of 
2m linear ordinary differential equations, which can be 
written in the following matrix-vector notation: 

ClX 
- - = A X  
dr 

Since the procedure and the resulting reduced system are 
given in a previous paper ( 1 3 ) ,  the details are not dis- 
cussed here. 

The vector x in Equation (13) is composed of the un- 
A A  

determined coefficients in the trial solutions for y and 7):  

xT = [al  a, . . . a, bl b2 . . . b,] 
The necessary and sufficient condition for local stability is 
that the dominant eigenvalue of the matrix A converges to 
a constant value with negative real part as the number of 
terms in the trial solutions increases, If the dominant 
eigenvalue converges to a value having positive real part, 
the steady state is unstable. The boundary of the region 
of instability in the graph of the steady state operating 
curves is the locus of marginally stable steady states. In 
another paper ( 1 3 ) ,  it was shown that estimates of the 
dominant eigenvalue for the TRAM system, obtained using 
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Galerkin's method, converge monotonically in the positive 
direction. 

N,, = 10.0 

NUMERICAL RESULTS 

Steady state operating curves and the associated regions 
of instability were generated for various combinations of 
the wall heat transfer coefficient and the axial Peclet num- 
bers. For ease of comparison, the dimensionless parame- 
ters 

k( = 1.0 x loll, y = 75, and qw = 2.50 

were taken directly from Reilly and Schmitz' analysis of 
the plug-flow tubular reactor with recycle (16). The re- 
sults for N p e  = 10 and a range of values of U ,  are shown 
in Figures 1 and 2, the latter on semilogarithmic coordi- 
nates to expand the low conversion region. Figures 3 and 
4 show steady state operating curves for the limiting cases 
of the TRAM: N p e  = 0 (infinite axial mixing) and N p e  

= co (zero axial mixing), which correspond to the con- 
tinuous stirred-tank reactor (CSTR) and the plug-flow 
tubular reactor (PFTR), respectively (7, 1 2 ) .  In Figure 
5 the TRAM steady state operating curves are plotted for 
U,  = 0.10 and for discrete values of the axial Peclet num- 
bers between zero and infinity. 

The operating curves for N p e  = 0 in Figure 3 were ob- 
tained by solving the steady state balances for the equiv- 
alent CSTR system: 

1 - y - kd e - y h  y = 0 (14) 
TF - 7 + U r ( 7 w  - 7) + ko'e--y/n y = 0 (15) 

The necessary and sufficient condition for local instability 
is that both of the following inequalities are satisfied at 
steady state conditions (3) : 

(17) 
The steady state operating curves for N p ,  = ca in Fig- 

ure 4 were generated using the Runge-Kutta method to 
integrate the steady state material and energy balances of 

Np, = 10.0 

" 
2.5 2.6 2.7 2.8 2.9 3.0 

FEED TEMPERATURE "),= 

Fig. 1. Steady state operating curves for the TRAM. 
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FEED TEMPERATURE T~ 
Fig. 2. Steady state operating curves for the TRAM on expanded 

ordinate scale. 
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Fig. 3. Steady state operating curves tor the CSTR; limiting case of 
the TRAM for N p e  = 0. 

the equivalent PFTR system: 

Since no axial feedback of mass or energy is present in 
the PFTR system, only unique, globally asymptotically 
stable steady states can exist ( 1 8 ) .  Thus no region of 
instability exists in this case. 
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Fig. 5. Steady state operating curves for the TRAM. 

For intermediate values of the Peclet number, the 
TRAM operating curves were generated using the Newton- 
Raphson method in conjunction with Runge-Kutta numeri- 
cal integration of Equations (5)  and (6)  and the Newton- 
Raphson auxiliary equations from x = 1 to x = 0. A grid 
of 200 equal increments was used in the Runge-Kutta in- 
tegrations. The Newton-Raphson convergence constant 
was 10-12 in the calculation of high conversion steady 
states and 10W6 for the others, and double precision arith- 
metic was used to compute most of the steady states. The 
Newton-Raphson solution of the two-point boundary-value 
problem usually converged within five iterations; however, 
Newton-Raphson Method 1 would not converge to steady 
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states located on positively sloped portions of the steady 
state operating curves, and it was necessary to use Method 
2 to compute these steady states. 

In the Galerkin analysis of local stability, 16 terms were 
used in the trial solutions to determine the local stability 
character of low conversion steady states, and 24 terms 
were used for high conversion steady states. The eigen- 
values of the matrix A in Equation (13) were computed 
using the QR method ( 5 ) ,  an iterative technique involving 
successive unitary transformations of A. 

DISCUSSION 

Except for the operating curves for the limiting case, 
N p e  = co, each set of TRAM operating curves shows that 
multiple steady states are possible over a wide range of 
wall heat transfer coefficients and Peclet numbers; that is, 
for some operating curves, there is a range of feed tem- 
peratures, ?,,,in < TF < over which multiple steady 
states exist and outside of which only unique steady states 
exist. For the various members of the family of operating 
curves, the upper and lower bounds of this range of feed 
temperatures determine the locus of maximum and mini- 
mum feed temperatures (locus of MMFT). This locus 
coincides with the boundary of the regions of instability 
in Figures 1, 2, and 5 and is the larger of the two para- 
bolically shaped broken lines in Figure 3. 

Steady State Operating Curves 

The unusual shape of the lower part of the locus of 
MMFT in Figures 1' an8 2 lindkatks tHat therk is la r h g k  
of wall heat transfer coefficients in which as many as five 
steady states exist. The lower part of the locus of MMFT 
doubles back on itself and is tangent to the steady state 
operating curves for U ,  = 0.18 and U ,  = 0.49. For heat 
transfer coefficients inside this range, the locus of MMFT 
crosses the operating curve four times, and one, three, or 
five steady states exist. In order to clarify the relation be- 
tween the locus of MMFT and the steady state operating 
curves for values of U ,  in this range, a hypothetical operat- 
ing curve is plotted in Figure 6 which exaggerates the 
properties of the curve for U ,  = 0.30 of Figure 2. Two 
sets of relative maximum and minimum feed temperatures 
exist for this operating curve, and these are identified in 
Figure 6. Multiple steady states occur for 77mln2 < 1)F < 
T ~ ~ ~ ~ ~ ,  and only unique steady states exist otherwise. Thus 
of the five feed temperatures that are marked in Figure 6, 

and 7 p 5  correspond to systems having unique steady 
states, while 7 F 2 ,  7 F 3 ,  and 1F4  correspond to systems having 
multiple steady states. Further examination of Figure 6 
shows that five steady states exist when Tminl < TF < Tmax2 
and three steady states exist when ?,in2 < T F  < Tminl or 
~ m a x 2  < TF < Tmaxl. 

The relative minimum and maximum feed temperatures 
from the steady state operating curve corresponding to 
N P e  = 10 and U ,  = 0.40 are 

~ ~ ~ i ~ 2 :  = 2.7164 

Consequently, multiple steady states exist for 2.7164 < 
vF < 2.7679, which corresponds to a range of 5 ° K .  for a 
typical set of system parameters ( 1 2 ) .  Five steady states 
exist for 2.7336 < TF < 2.7341, which corresponds to a 
range of only 0.05"K. Thus it would be difficult to obtain 
a system having five steady states for the parameters used 
in this paper, since random variations of the feed tempera- 
ture would be expected to exceed 0.05'K. 
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Hatfield and Aris (S), examined the steady state operat- 
ing characteristics of the catalyst particle with finite mass 
and energy transport both inside the particle and between 
the particle surfaces and its surroundings. This system has 
the same boundary conditions as the tubular reactor with 
axial mixing. The authors found that in some cases as many 
as five steady states exist for a limited range of the Thiele 
modulus, and they noted that if the rates of mass and 
energy transport are infinite either inside the particle or 
between the particle surface and its surroundings, then a 
maximum of only three steady states is possible. This sug- 
gests that if the concentration and temperature are set 
equal to the feed stream conditions in the TRAM system 
instead of being constrained by the boundary conditions 
given in Equation (3) ,  it would not be possible to obtain 
five steady states. Thus the five-steady state phenomenon 
appears to be a property of the mathematical model and 
not necessarily a property of tubular reactors in practice. 

Additional steady state operating curves, generated for 
U ,  = 3.0 and 4.0, but not plotted in Figures 1 and 2, 
demonstrate that multiple steady states are possible in 
the TRAM system for heat transfer coefficients up to at 
least 4.0 when N p e  = 10. 

The boundary of the region of instability in Figures 1 
and 2 coincides with the locus of maximum and minimum 
feed temperatures, indicating that ( 1) unique steady 
states are locally stable; (2)  in systems having three 
steady states, the intermediate steady state is unstable 
and therefore unattainable without external feedback con- 
trol, while the low and high temperature steady states are 
locally stable; and (3) the first, third, and fifth steady 
states of systems having five steady states are locally stable, 
while the second and fourth are unstable. For U ,  = 3.0, 
however, local stability analysis of steady states located 
just below the lower part of the locus of MMFT showed 
that the locus of marginal stability no longer coincides 
with the locus of MMFT but encloses the high conversion 
steady state of some systems having three steady states. In 
such cases, the high conversion steady state is unstable, 
making the low conversion steady state the only stable one 
present. 

The steady state operating curves and the associated 
region of instability of Figure 5 show that the TRAM ex- 
hibits a uniform transition between the properties of the 
CSTR and those of the PFTR as the degree of axial mix- 
ing varies between its two limits. One or three steady 
states exist for Peclet numbers less than about 50, and 
only unique steady states exist otherwise. Unique steady 
states are locally stable, while in systems having three 
steady states, the low and high conversion steady states 
are locally stable, and the intermediate steady state is 
unstable. 

Ignition and Extinction Temperatures 

The feed temperatures corresponding to the upper and 
lower points of intersection between the locus of marginal 
stability and the steady state operating curve under con- 
sideration are the ignition temperature and the extinction 
temperature of the system, respectively. If the locus of 
marginal stability coincides with the locus of MMFT, the 
ignition and extinction temperatures are equal to the rela- 
tive maximum and minimum feed temperatures, respec- 
tively. 

When five steady states are present in the TRAM sys- 
tem, it may be difficult to ever attain the intermediate 
stable steady state. For example, with reference to Figure 
6, a reactor operating at high conversion steady state 5 
would shift to a low conversion steady state if the feed 
temperature were to decrease to a level below ~ ~ i ~ ~ .  On 
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DIMENSIONLESS FEED TEMPERATURE 9, 
Fig. 6. Hypothetical steady state operating curve for the TRAM. 

the other hand, a feed temperature increase beyond ~ , n a x l  
would shift the reactor back to a high conversion steady 
state. Intermediate steady state 3 can only be reached by 
inducing a positive temperature disturbance and negative 
concentration disturbance from steady state 1 (or disturb- 
ances of the opposite signs from steady state 5) of such 
magnitudes that the reactor shifts to steady state 3. In 
effect, this system will usually behave as if it has only two 
stable steady states. 

The CSTR Limiting Case 
The CSTR curves of Figure 3 are similar to those com- 

puted by Reilly and Schmitz for the PFTR-recycle system 
(16). As the wall heat transfer coefficient increases, the 
transitions between multiple steady state and unique 
steady state behavior and those between unstable and 
stable behavior occur in the same sequence in both sys- 
tems. The common characteristic of these two systems is 
that a significant degree of axial feedback of mass and 
energy exists in each case, via internal backmixing in the 
CSTR and external recycle in the PFTR-recycle system. 
In particular, the CSTR possesses either a unique and 
locally stable steady state or two locally stable and one 
unstable steady state for 0 A U ,  < 0.30. For 0.30 6 U ,  < 
1.15, the high conversion steady state of systems having 
three steady states may be unstable since the locus of mar- 
ginal stability has separated from the locus of MMFT. 
In the range 1.15 4 U ,  < 1.47, only unique steady states 
are possible, of which some are unstable and exhibit limit 
cycle or continuous oscillations of the concentration and 
temperature about the equilibrium point. Unique unstable 
steady states are also possible for heat transfer coefficients 
slightly less than 1.15. For U ,  1 1.47, only unique, locally 
stable steady states exist. 

The locus of MMFT and the locus of marginal stability 
in Figure 3 were generated by transforming inequalities 
(16) and (17) into equalities: 
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(22) 
and solving for the values of U ,  a t  the various temperature 
levels 7. The feed temperature and reactant concentration 
corresponding to each combination of 7 and U ,  were ob- 
tained using the expressions 

TF = ( 1  + u , ) ~  - u,~ ,  - U ( 1 +  K )  (23) 

y = 1/(1 f K )  (24) 

The boundary of the region of instability is given by the 
outer boundary of the area enclosed within the two curves 
of y versus ?F that result. 

The values of U, beyond which only unique steady 
states and only locally stable steady states occur can be 
determined directly by graphing the functions L1 and L,, 
as shown in Figure 7. The maximum value of L1 is (1  4- 
U , )  = 2.15 and occurs at 7) = 2.947. The maximum value 
of Lz is (1  + U,)  = 2.47 and occurs at  r )  = 3.017. Hence 
inequality (16) cannot be violated for U ,  > 1.15, and all 
steady states are then unique. Similarly, inequality (17) is 
always satisfied for U ,  > 1.47, and all steady states are 
then locally stable. The points at which the locus of 
MMFT and the locus of marginal stability separate in Fig- 
ure 3 correspond to those values of U ,  a t  which the func- 
tions L1 and Lz are equal in Figure 7; that is, U ,  = 0.30 
and U ,  = 1.15. 

Since the CSTR represents one of the limiting cases of 
the TRAM system as axial mixing varies, it is reasonable 
to expect that the TRAM will exhibit the same character- 
istic progression of the steady state operating curves as the 
CSTR as the heat transfer coefficient increases, at least 
when the degree of axial mixing is large. Hence, it may be 
expected that the TRAM will exhibit limit cycle behavior 
when the heat transfer coefficient is increased beyond the 
range covered in this study. Available data for overall heat 
transfer coefficients in tubular heat exchangers (14) in- 
dicate, however, that practical values of the wall heat 

3.0 
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y = 75 
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0.0 

.1 .0  
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DIMENSIONLESS TEMPERATURE 7 
Fig. 7. Functions that provide conditions for stability of the CSTR. 
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transfer coefficient fall within the range investigated here 
for the TRAM system ( 0  6 U ,  < 4.0) and within and 
beyond the range in which multiple and unstable steady 
states are possible in the CSTR (0 6 U, < 1.47). 

An important aspect of the steady state operating char- 
acteristics of the TRAM is that multiple steady states are 
possible over a much,wider range of wall heat transfer 
coefficients (for N p e  = 10) than for either the CSTR or 
the PFTR. 
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NOTATION 

A = matrix as defined in Equation (13) 
C = reactant concentration, g.-mole/cc. 
C, = fluid heat capacity, c a l l  (g.) ( O K . )  

D = effective mass diffusivity, sq.cm./sec. 
E = activation energy, cal./g.-mole 
( -AH,.)  = heat of reaction, cal./g.-mole 
1; 

lco = frequency factor, set.-' 
k( 
I< = l;d e - y f n  

L = reactor length, cm. 
L1, L2 = functions as defined in Equations (21) and (22) 
m = number of terms in trial solutions in Galerkin sta- 

N p ,  = heat transfer Peclet number ( u L / a )  
Npe, = mass transfer Peclet number (vL/D) 
R = gas constant, 1.987 cal./(g.-mole) ( O K . )  

R' = reactor tube radius, cm. 
R(y, 7) = dimensionless reaction rate 

= thermal conductivity of fluid, c a l l  (sq.cm.) (sec.) 
( O K . )  (cm.) 

= dimensionless frequency factor (koL/u) 

bility analysis 

R,(x)  = M ( y ,  7)/aylss 
R , b )  = a R ( y ,  ? ) & j S S  

t = time, sec. 
T = temperature, O K .  

U 

Ur 

0 = flow velocity, cm./sec. 
x = axial position, cm. 
x 
y = dimensionless concentration (C/CF) 
z 

Greek Letters 
(Y = thermal diffusivity, (k /pC,)  
y = dimensionless activation energy 

7 
p = fluid density, g./cc. 
T = dimensionless time (vt/L) 

Superscript 
A 

Subscripts 
F 
ss 
w 

= wall heat transfer coefficient, cal./ (sq.cm.) (sec.) 

= dimensionless wall heat transfer coefficient 
(OK.) 

(2UL/pC,R'v) 

= vector as defined in Equation (13) 

= dimensionless axial position ( x / L )  

(pCpE/  ( -AK) CFR) 
= dimensionless temperature ( pC,T/ ( -AH,) C,) 

= disturbance from steady state condition 

= evaluated at feed stream conditions 
= evaluated at steady state conditions 
= evaluated at  reactor wall conditions 
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I I .  Limiting Behavior and Collocation Solution of 

the Radial Mixing Case 

A tubular reactor model that accounts for both radial 
gradients and nonflat velocity profile is unusually difficult 
to solve numerically, since even the steady state energy 
and material balances of the system are ordinarily coupled 
nonlinear partial differential equations. Nevertheless, tech- 
niques have been developed to obtain approximate or 
special-case analytical solutions. Kramers and Westerterp 
(8), von Rosenberg, Durrill, and Spencer (14), and Mick- 
ley and Letts (11, 12) used implicit finite-difference tech- 
niques to obtain direct numerical solutions. Hsu (6) ob- 
tained the analytical series solution of the material balance 
for the isothermal tubular reactor with finite radial mixing, 
parabolic velocity profile, first-order chemical reaction, and 
no axial diffusion, by reducing the system to an eigenvalue 
problem. The Taylor axial diffusion model (1, 3, 15) com- 
bines the effects of axial diffusion, radial concentration 
gradients, and parabolic velocity profile into a single axial 
diffusion term, reducing the steady state material balance 
for the isothermal system to a second-order ordinary dif- 
ferential equation. Deans and Lapidus ( 4 )  devised a two- 
dimensional array of interconnected continuous stirred- 
tank reactors to approximate the behavior of the packed- 
bed tubular reactor, and McCuire and Lapidus (10) used 
this model in an extensive numerical study to simulate the 
transient response of the system. 

The model for the tubular reactor with finite radial mix- 
ing (TRRM) assumes that the velocity profile is flat, that 
axial diffusivity and conductivity are zero, and that heat 
transfer occurs across the reactor wall. The dimensionless 
steady state material and energy balances are 

(3) 

(4)  

l o  l o  

These boundary conditions assume flat radial concentra- 
tion and temperature profiles at the reactor entrance and 
no mass transfer across the reactor wall. In the absence 
of radial velocity gradients, radial variations of concen- 
tration and temperature result from finite resistances to 
radial mass and heat transfer. Thus the radial heat and 
mass transfer Peclet numbers, N p e  and N p e p ,  are computed 
using the thermal and mass diffusivities for the reactant 
mixture. 

In the following, a direct comparison will be made of 
the collocation and implicit finite-difference techniques for 
obtaining solutions of Equations (1) and ( 2 )  numerically, 
In addition, limiting forms of this model will be explored 
analytically for both extremes of the degree of radial 
mixing. 

LIMITING BEHAVIOR 

As radial dispersive effects approach either zero or in- 
finity in the tubular reactor system, the radial gradients of 
concentration and temperature must disappear when the 
entrance profiles and the velocity profiles are flat. This 
occurs at the zero mixing extreme, because there is no 
mechanism by which the uniform reaction effects can be 
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